INFINITESIMAL ADJUNCTION AND POLAR CURVES 



NURIA CORRAL 



Abstract. The polar curves of foliations T having a curve C of separatrices 
generalize the classical polar curves associated to hamiltonian foliations of C. 
As in the classical theory, the equisingularity type p(T) of a generic polar 
curve depends on the analytical type of T ^ and hence of C. In this paper we 
find the equisingularity types e(C) of C, that we call kind singularities, such 
that p(T) is completely determined by e(C) for Zariski-genoral foliations T . 
Our proofs are mainly based on the adjunction properties of the polar curves. 
The foliation-likc framework is necessary, otherwise we do not get the right 
concept of general foliation in Zariski sense and, as we show by examples, the 
hamiltonian case can be out of the set of general foliations. 



Let be a germ of holomorphic foliation of (C^,0) having a curve of sepa- 
ratrices C . The polar curve T of J- with respect to a direction [a : b] G is given 
by w A {ady — bdx) = 0, where w is a 1-form defining J-. There is a Zariski-open 
set of directions such that the equisingularity type e(r U C) of F U C is the same 
one, independent of uj and of the coordinates. We denote p(^) this generic type 
of equisingularity. This paper is devoted to provide an accurate description of the 
types p{!F) in terms of the equisingularity type e(C) of C. 

We work with foliations in the class Gq of the generalized curves without "bad 
resonances" defined as follows. A foliation !F belongs to Gq if 

(1) It is a generalized curve in the sense of Camacho-Lins Neto-Sad ([3]) having 
C as curve of separatrices. Note that, in this case, the minimal morphism 
of reduction of singularities irc of C is also the reduction of singularities of 

(2) For any C- ramification p : (C^,0) (C^,0) (that is, p is transversal to 
C and p^^C has only non-singular branches), there is no corner in the 
reduction of singularities of p*J- with Camacho-Sad index equal to —1. 

If C = (/ = 0); the hamiltonian foliation df = belongs to G^. But the class 
is wider than that. Let us write / = YVi=i fi^ then the logarithmic foliations 
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belong to this class if A = (Ai,-- - ,Xr) avoid certain rational resonances. More 
generally, each generalized curve foliation has a well defined logarithmic model 
C\, \ = X{J-), of the above type such that the Camacho-Sad indices of T and C\ 
coincides along the reduction of singularities [5]. 

There is a first relationship between e(C) and p{J-) described in the decomposi- 
tion theorem of the polar curve [5] , proved by several authors in different contexts 
[H HH [TOl E] . It can be stated as follows: 

Theorem (Decomposition [5]). Let p be a C -ramification. IfT is a generic polar 
curve of T ^ G^, then p~^V is a strict adjoint of p^^C. 

If y C (C'^,0) is a curve with only non-singular branches, we say that a curve 
Z C (C^, 0) is a strict adjoint of Y if the multiplicities satisfy mp{Z) ~ mp{Y) — 1 
at the infinitely near points p of Y and Z does not go through the corners of the 
desingularization of Y. (Compare with the definition in [4], p. 152). 

There are infinitely many possible equisingularity types e{Y U Z) for a fixed 
Y and Z being strict adjoint of Y. In section [3] we prove the following result of 
finiteness by using a control of the Newton polygon of a generic polar curve F (a 
similar result for the case of hamiltonian foliations can be deduced from the virtual 
behaviour of the polar curves described in ^). 

Theorem. There exists a finite number of equisingularity types piT), where T G 
G^/ and C is such that e(C") = e(C). 

Take as above Y C (C^,0) with only non-singular branches. A strict adjoint 
curve Z of y is a perfect adjoint curve of Y if Try desingularizes Z. In this case the 
equisingularity type xy = e{Y Li Z) does not depend on Z. Section His devoted to 
prove the following result of genericity 

Theorem (of genericity). Assume that C has only non-singular branches. There 
is a non-empty Zariski-open set Uc C "'^ defined by 

"A S Uc if there exists T e GJ; with p{T) = xc and A = A(J^) ". 
Moreover, for each T S G^ with \[T) e Uc we have that p{T) ~ xc- 

In general, it is not possible to define xc in ^ way compatible with C-ramifications. 
This is the characteristic property of the kind equisingularity types that we intro- 
duce below. 

Let G(C) be the dual graph of C oriented by its first divisor. Associate to each 
divisor E the multiplicity m{E) given by any i?- "curvettc" and the number 6b of 
edges and arrows which leave from E. Thus E is & bifurcation divisor if 6^; > 2 and 
a terminal divisor if = 0. A dead arc joins a bifurcation divisor with a terminal 
divisor, with no other bifurcations. We say that e(C) is kind if m{Ei,) = 2m{Et), 
for each dead arc of G(C) starting at Ei, and ending at Ef. The next proposition, 
proved in section [5l gives a characterization of kind equisingularity types in terms 
of adjunction 

Proposition. The equisingularity type e(C) is kind if and only if there is a germ 
of curve Z C (C^,0) such that p^^Z is a perfect adjoint of p^^C for any C- 
ramification p. Moreover e(C U Z) does not depend on the choice of Z . 

For kind equisingularity types we define xc — ^(C U Z) and we say that such Z 
are perfect adjoint curves of C. The next proposition, proved in section O gives a 
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precise description of xc for kind cquisingularity types. (For classical polar curves, 
our description is slightly more precise than the one in |12|). 

Proposition . Let C be a curve with kind cquisingularity type and Z a perfect 
adjoint curve of C . Then 'Kc gives a reduction of singularities of ZUC. Moreover, 
the branches of Z intersect an irreducible component E of the exceptional divisor 
of ttq as follows: 

• If E is a bifurcation divisor ofG{C), the number of branches of Z cutting 
E equals to bE — '2 if E is in a dead arc and to Be — ^ otherwise. 

• If E is a terminal divisor of a dead arc of G{C), there is exactly one branch 
of Z through E . 

• Otherwise, no branches of Z intersect E. 

Finally, in section [SI we relate the polar curves to the adjoint curves in the case 
of kind equisingularity types. As a consequence we obtain a precise description of 
p(jF) if e(C) is kind. Let us define the Zariski open set Uc C P^"^ 

"A G Uc if there exists e with A = having a generic 

polar curve F such that p^^T is a perfect adjoint oi p~^C, for any 
C-ramification p" 
Then we prove the following theorem 

Theorem. The curve C has a kind equisingularity type if and only if Uc 7^ 0- In 
this case p{J^) = xc for any T G such that X{J^) G Uc- 

The hamiltonian foliations df = have vector of exponents A = 1_. We provide 
examples such that 1 ^ Uc, hence the consideration of the class GJ, is essential for 
this theory. 

The main results of this paper were announced in 0. Our results are of local 
nature in the framework of foliations (see also [ElEllTj). The classical local study 
of polar curves has been developed by several authors ( [121 [T31 HH [T^ [H [TO] ) • There 
are also related works for foliations from the global viewpoint [141 E] ■ 

2. Strict adjoint curves 

Before starting the study of polar curves, we describe some properties that can 
be deduced from the fact that a curve is a strict adjoint of another curve. We recall 
the notion of a strict adjoint curve: 

Definition 1. Assume that C has only non-singular branches. We say that Z is a 
strict adjoint of C if mp{Z) = mp{C) — 1 at each infinitely near point p of C and 
Z does not go through the corners of the desingularization of C . 

If Z is a strict adjoint of C, the properties above allow to give a decomposition 
of Z into bunches of branches in terms of the equisingularity data of C . Let us 
describe it using the dual graph G{C) of C which is constructed from the minimal 
reduction of singularities -kc '■ M ^ (C^,0) of C (see appendix |A] for all the 
notations concerning the dual graph of a curve). Given a divisor E of 7rp^(0); we 
denote by tte : Me (C^ 0) the morphism reduction of ttc to E (see appendix [X)) : 
recall that ttc ^ t^e ° t^'e- Let B{C) be the set of bifurcation divisors of G{C). For 
any E G B{G), we define Z^ to be the union of the branches ( oi Z such that 

• Tr*EC n = 

• If < E, then 7r|;C n 7r^(£;') ^ 
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where n'^C denotes the strict transform of C by tt^;. Thus there is a unique decom- 
position Z = UEeB{c)Z^ satisfying that: 

dl. mo{Z^) =bE-l. 

d2. tt*eZ'^ n n*EC = 0. 

d3. HE' <E then 7r|;Z^ n 7r^(S') 0. 

d4. HE' > E then tt*j^,Z^ n E'^^^ = 0. 

In particular, if E is not a bifurcation divisor we have that n^ZdEred = T^E^^-^red- 
Moreover, the properties above imply the following ones which are stated in terms 
of the coincidences and of the data in G{C). For each irreducible component ( of 
Z^ we have that 

(D-i) C{C,,C) = v{E) if E belongs to the geodesic of d; 

(D-ii) C[CjX) = C{Cj,Ci) if E belongs to the geodesic of C; but not to the one 
ofQ. 

(see appendix \X\ for the definitions of Be, v{E) and geodesic of a curve in G{G)). 

Consider now any curve C and let p : (C^,0) (C^,0) be any C-ramification 
(the reader can refer to appendix |B] for notations and general results concerning 
ramifications). If Z = is a strict adjoint of C = p^^C, then there is also a 

decomposition of Z in terms of the equisingularity data of C : for any bifurcation 
divisor E of G{C) , we define Z^ to be such that 

Re 

p-^z^ = \Jz^\ 

1=1 

where {E^}^^i are the divisors of G{C) associated to E in G{C) and Z = (J E(zg(c)^^ 
is the decomposition of Z described above. Hence, we get a decomposition Z = 
^EeB(c)Z^ such that: 

Dl TO iZ^) — { ^E''^E{bE — 1), if E does not belong to a dead arc; 

™° \ ZLEUEibE — ^) — Re, otherwise. 

D2. TT*j^Z^ n 7r*EG = 0. 
D3. If E' < E, then 'k*j^Z^ n 7r^(£;') = 0. 
D4. If Ti^Z'^ n -K'EiE') ^ 0, then t:'e{E') > Ered- 

D5. li E' > E and E' does not belong to a dead arc joined to E, then E'^.^^ n 

TT*E,Z^^%. 

Moreover, properties (D-i) and (D-ii) also hold now for a branch C of Z^ . 

It is clear that the properties above do not determine the equisingularity type of 
the curve Z even if G has only non-singular branches. Let us introduce a definition: 

Definition 2. Assume that G has only non-singular branches and let Z be a strict 
adjoint of G . We say that Z is a perfect adjoint curve of G if -kc gives a reduction 
of singularities of Z . 

Let us state a criterion to check if a curve Z is & perfect adjoint of G . 

Proposition 1. Let G be a curve with only non-singular branches. A strict adjoint 
curve Z of G is perfect adjoint curve of G if and only if the set 

Tt'eZ n Ered \ 7r|;C n Ered 

has exactly — 1 points for each irreducible component E of tt^^{0). 
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Proof. Observe that the second part of the statement always holds when E is not a 
bifurcation divisor (bs ~ 1) since n'^ZnEred = 7r|;Cni?red (see the properties of the 
decompositions above). Therefore we only need to prove the result for bifurcation 
divisors. Recall that there is a decomposition Z = Uegb{c)^^ such that tt'^Z D 
Ered \ 7r|;C n Ered = T^E^^ ^ ^red by properties d2-d4. 

Assume first that Z is a perfect adjoint curve of C. Then irc is a reduction 
of singularities of Z U C. Hence the irreducible components of Z are non-singular 
and its number is equal to the multiplicity m.o{Z). Moreover, the property d4. 
implies that tt^; is a reduction of singularities of Z^ and the number of points of 
TT^Z^ n Ered IS equal to mo{Z^) = 6^ — 1 since Z^ only cuts Ered by d3. 

Reciprocally, assume that the set tt'^Z^ n Ered has exactly 6^ — 1 points for 
each bifurcation divisor E of G{C). This implies that Z^ has 5b — 1 irreducible 
components which are non-singular and that tt^; is a reduction of singularities of 
Z^. Then, from the equalities tt*(jZ^ D E = tt*(jZ f] E and tt^Z^ n 7rJ.C = 0, we 
deduce that ttc is a reduction of singularities of Z U C. □ 

The next corollary gives a characterization of a perfect adjoint curve of a given 
curve C in terms of the equisingularity data of C, when C has only non-singular 
branches. 

Corollary 1. Consider a curve C with only non-singular branches and let Z = 
^EeB(C)Z^ &e the decomposition of a strict adjoint curve Z of C . The curve Z 
is perfect adjoint curve of C if and only if each curve Z^ is composed by Be ~ i 
irreducible components {Ci'}'^Zi^ ^iCfXf) = v{E) for i ^ j- 

In particular, the corollary above implies that G{C U Z) is obtained from G{C) 
by adding bE ~ 1 arrows to each bifurcation divisor E of G{C) and this property 
characterizes the fact of Z being a perfect adjoint of C, when G has only non- 
singular branches. Hence, it is clear that e(C U Z) does not depend on Z and we 
denote xc = e(CU Z). 

In the general case of a curve G with singular branches, it is not possible to 
define xc in a- compatible way with C-ramifications. Since this situation needs a 
more detailed treatment, we shall consider it in section [5l 

3. Local invariants and polar curves 

Let F be the space of singular foliations of (C^,0), that is, an element £ F 
is defined by a 1-form w = 0, with u = Adx + Bdy, A,Bg C{x, y} and A{0) = 
B{0) = 0. Given a plane curve G C (C^,0), we denote by Fc the sub-space of F 
composed by the foliations which have C as a curve of separatrices. 

For a direction [a : b] G P^,, the polar curve r{T; [a : b]) is the curve 

r = {aA{x, y) + bB{x, y) = 0}. 

We denote by Tyr a generic polar when the direction [a : b] is not needed. Then the 
multiplicity moiTyr) of Tjr at the origin coincides with the multiplicity voi^) of ^ 
at the origin. Recall that, if G is the space of generalized curve foliations of (C'^, 0) 
and Gc = Fc n G, we have that i'o{J-) — mo(C) — 1 for any T € Gc- 

The Newton polygon N{J-\ x, y) = M{ijJ] x, y) of is defined as the one of the 
ideal generated by xA and yB. More precisely, if we write OJ = J2i j '-^ij with 

(1) LOij = A.jx'^^y^dx + BijX^y^^^dy, 
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and we put A(a;) = : tOij ^ 0}, then J\f{T;x,y) is the convex envelop 

of A(a;) + M>(,. In the case of an analytic function / = J^ij fij^^U'' ^ define 
A(/) = ■ fij ^ 0} and then the Newton polygon M{C;x,y) of the curve 

C = (/ = 0) is the convex envelop of A(/) + M>o- In particular. \i !F G Gc, then 
N{J-] X, y) coincides with N{C] x, y) = N{df] x, y). 

From now on we will always assume that we chose coordinates (x, y) such that 
X = is not tangent to the curve C of separatrices. In particular this implies that 
the first side of the Newton polygon N{J-] x, y) has slope greater or equal to —1. 

Let us recall the relationship between Newton polygon and infinitely near points 
of a curve since it will be useful in the sequel. First we introduce some notations 

Notation. Lot C be a curve with only non-singular branches and ttc ■ M — > (C^, 0) 
be the minimal reduction of singularities of C. Given an irreducible component E 
of 7r^^(0) with v{E) ~ p, the morphism -ke '■ Me ^ (C^,0) is a composition of p 
blowing-ups of points 

(C^0) ^ (Xi,Pi) < ^ (Xp_i,Pp_i) <^Xp = Me. 

If {x,y) are coordinates in (C^,0) there is a change of coordinates {x,y) = {x,y + 
e(x)), with e{x) = aix + ■ ■ ■ + ap^ixP~^, such that the blowing up aj is given by 
Xj-i = Xj, yj-i = xjyj, for j ~ 1,2, ... ,p, where {xj, yj) arc coordinates centered 
at Pj and (a;o,yo) = {x,y)- We say that {x,y) arc coordinates in (C^,0) adapted to 
E. 

Consider now a plane curve 7 C (C^, 0) with only non-singular irreducible com- 
ponents and let tt^ : X (C^,0) be its minimal reduction of singularities. Take 
E an irreducible component of 7r~^(0) with v{E) ~ p and choose (x,y) coordi- 
nates adapted to E. Assume that 7 = {f{x,y) ~ 0) with f{x,y) = X^ij fij^^V'' G 
C{x, ?/}. Since {x, y) are adapted to E, then there exists a side L of x, y) with 
slope —1/p. Let i + pj ^ k be the line which contains L and put 

Inp{f;x,y)^ ^ ftjx'y^ . 

i-\-pj—k 

Take now (xp, yp) coordinates in the first chart of P^ed with TrE{xp, yp) = {xp, x^yp) 
and Ered — {xp = 0). Thus, a simple calculation shows that the points of ■K*^^C]Ered 
are given by = and J2i+pj=k fijV'' ~ conclude that the points of 

7r|;7 n Ej-ed are determined by Inp(f; x, y) and reciprocally. 

Consequently, the following result which describes the Newton polygon of a 
generic polar curve Fjr will be useful to determine the infinitely near points of 

Lemma 1 (|5j). Consider a foliation J- g¥ and let L be a side of J\f{J-; x,y) with 
slope — where ^ € Q and fJ.> 1. If i + ~ k is the equation of the line which 
contains L, then 

A/'(r^;a;,y) C {(i,j) : i + tJ..j > k - fi}. 

More precisely, if > 1 then A{B) C {i + nj > k — ^} and A{A) C {i + l-i-j > k — jj}. 

However the result above does not provide enough information to obtain a de- 
scription of the equisingularity type of Fjr. If we want to control the slopes of 
M{Tj^;x,y) we need to know the "contribution" in the points of the sides of 
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Af{J-;x,y). Recall that a point G A(ijj) is said to be a contribution of B 

if 7^ in the expression H]), i.e., if {i,j) e A{yB). 

Thus to get a more precise description of the Newton polygon A^(rjr; x,y) we 
need to consider foliations in since the contributions on the sides of the Newton 
polygon of a foliation have a direct relationship with the values of the Camacho-Sad 
indices at the infinitely near points of J- as it is explained in the next proposition. 

Recall that, if S* = (y = 0) is a non-singular separatrix of then the Camacho- 
Sad index of T relative to S at the origin is given by 

(2) /o(.F,5)^-Reso^^ 

n[x, 0) 

where the 1-form to defining J- is written as w = ya{x,y)dx + b{x,y)dy (see [2]). 
Then we have the following result: 

Proposition 2 ([5]). Consider a foliation G G and take a side L of M{!F) with 
slope — p G N. If L has no contribution of B in its highest vertex, then there 
is a corner in the reduction of singularities of T with Camacho-Sad index equal to 
-1. 

In particular, given a foliation J- G GJ^ such that the curve C has only non- 
singular irreducible components, the result above implies that 

if N[T] X, y) has s sides Lj with slopes —l/pj, pj £ N, j = 1, . . . , s 
and pi < p2 < ■ ■ ■ < Ps, then the first s — 1 sides of N{T jr-^x,y) 
are obtained from the ones of M{J-; x, y) by a vertical translation 
of one unit and the other ones have slope > ~l/pg. 

These results describing the Newton polygon of Tjr are key in the proof of the 

decomposition theorem: 

Theorem 1 (of decomposition 0). Consider a foliation T G and V jr a generic 
polar curve of T . Given any C -ramification p : (C^,0) (C'^,0), the curve p~^Tjr 
is a strict adjoint of p~^C. 

By the results in section [51 we deduce that there is a unique decomposition 
p^^r^F = ^EeB(C)^^ ^ with C — p~^C, satisfying the properties dl-d4, (D-i) and 
(D-ii). Moreover, the curve Tjr can also be decomposed in unique way as 

r^= U 

satisfying properties D1-D5, (D-i) and (D-ii) in section [51 

Observe now that the property of being a strict adjoint of a curve C does not 
determine the equisingularity type of the adjoint curve: for instance, if C is the 
union of 3 lines, then there are infinite many possible equisingularity types for its 
strict adjoint curves. However, the number of possible equisingularity types is finite 
when considering polar curves. 

Theorem 2. There exists a finite number of equisingularity types p{T) for a foli- 
ation T G Gp/ and any curve C with e(C") — e(C). 

Proof. Let be a foliation in G^ and consider a generic polar curve F = Fjr of !F. 
It is clear that the number of irreducible components of T is lower than or equal to 
the multiplicity mo(r) = mo(C) — 1. 
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Consider a ramification p : (C^,0) (C^,0) transversal to C and such that 
p^^C and p^^r liave non-singular irreducible components. Let us prove that given 
any two irreducible components cr, a' of p~^T the coincidence C{a, a') is bounded in 
terms of the equisingularity data of p~^C. In particular, this implies that there is 
only a finite number of possibilities for the characteristic exponents of the branches 
of r and for the coincidence between two branches of T once the equisingularity type 
of C is fixed (see appendix |B]). Hence, the number of possible equisingularity types 
for r is finite. Moreover, since the coincidences between the irreducible components 
of r and C are determined by e(C), the result follows straightforward. 

Let p = sup^ ^/ C((T, cr') where a, a' vary within the irreducible components of 
p^^T; observe that p G N. If p < sup„ ^,C{a,a') for a, a' among the irreducible 
components of p~^C we finish. Otherwise let (Tq, ctq be two irreducible components 
of p~^T such that C^ao^a'^) = p. In particular, by property (D-ii) of the decompo- 
sition of p~^r, we have that p = sup^ C{aQ, a) — sup,-, C^a^, a) < p where a varies 
within the irreducible components of p~^C. 

Take {x,y) coordinates in (C^,0) such that the coincidence of the axis y = 
with the curves ctq and ctq is equal to p. This implies that the last side Lf of the 
Newton polygon A/'(yO~^r; a;, y) has a slope equal to — Moreover, the last side 
Ljr M{p* J-\x,y) has a slope equal to —1/p- 

Let i + pi ~ fc be the line which contains Ljr and (Zi, hi) be the highest vertex 
of LjF (note that hi > 3). The previous results concerning the behaviour of the 
Newton polygon J\f{p^^T; x,y) imply that a point on Lp must verify the 

following conditions 

( 0<j <hi-l by prop, d 

< i + pi > k — p by lemma [TJ 

I * + ^^T^r-?' ^' - 1 since (/i,/ii-l),(fc-l,0)eA(p-ir). 

Thus there exists only a finite number of possible values for p. Moreover, from 
the inequalities above we deduce that p < p < 2p. The next picture illustrate the 
situation: the side Lp must be contained in the grey region with slope equal to 

-l/_P, peN. 
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□ 

Among all the possible equisingularity types = e{Tj^ U C) for a fixed equi- 

singularity type e(C), there is one which can be considered as the "minimal" one 
satisfying the decomposition theorem. Next sections will be devoted to characterize 
foliations such that p{T) is the minimal one. 
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4. NON-SINGULAR BRANCHES 

In this section we consider a curve C — U^^j^C; with only non-singular irreducible 
components and we study under what conditions a generic polar curve Fjr of a 
foliation T £ is a perfect adjoint of C. Denote by )^ the space of foliations 
T ^G-c such that = X. Let Uc C P^"^ be the set defined by 

A G t/c if there exists !F G G^ ^ with p{J-) = xc- 
Then we have 

Theorem 3 (of genericity). The set Uc is a non-empty Zariski open set. Moreover, 
for each T G G^ with A G Uc we have that p{!F) ~ xc- 

Definition 3. A foliation T G GJ. is Zariski-general if \{T) G TJc- 

Denote by L\ a logarithmic foliation in Gc with A = (Ai,...,A,.) G P^-^ We 
define the set 

U'°'' = {A G P;:-^ : /:a e G^ and p(/:a) = xc}. 

It is clear that J7^^ C C/c- Let us prove the following result 

Proposition 3. The set J/^^ is a non-empty Zariski open set o/P^"^. 

Proof. We note first that the equisingularity type of a generic polar curve of a 
logarithmic foliation Cx G ¥c does not depend on the equations of C = U^^^Ci 
chosen to define C\ (see prop. 3.8 of [5]). So we can assume that C\ is defined by 
LUx = with 

(3) -.=n(y-,.(.))^A.fc^, 

where the curve Ci is defined by (y — tjiix) ~ 0) and rii{x) ~ S^Li '^j'^"' ^ C{x}. 
Moreover, for a direction [a : b] G P^, the polar curve r{Cx', [a ■ b]) is given by 

r 

(4) ^A,n(y-^.(^))(-«'7Ka;) + fo) = o 

i=l j=^i 

and we denote by ^[a-t] ^ generic polar curve of Cx- 

The first condition over A to belong to C/^^ is that Cx G G^ but this is equivalent 
to J2l=i ^i^i where k G Re{C) and Re{c) is a finite set of resonances (see [S] 
for a detailed description of Re{c))- Now, for each bifurcation divisor E of G{C), 
we define [/^ to be the set of A G P^"^ such that 7r|;rj^^.^j n Ered \ tt^C* n Ered has 
exactly — 1 different points, and we will prove that t/^ is a non-empty Zariski 
open set. Using the criterion given in proposition [1] we obtain that [/^ ^ is equal 
to 

r 

= {A G P[."^ : A G Pi C/^ and ^ h\, 7^ for fc G i?,(c)} 

EeB{C) i=l 

which is a non-empty Zariski open set. 

Take a bifurcation divisor E of G(C) with v{E) = p and let us prove that each 
is a non-empty Zariski open set. Let tte '■ Me (C^, 0) be the reduction of ttc 
to E. Since the equisingularity type of a generic polar curve of a foliation does not 
depend on the coordinates (see [5], §2), we can assume that the coordinates {x,y) 
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are adapted to E. Take {xp,yp) coordinates in the first chart of Ered C Me such 
that TrE{xp,yp) = {xp,x^yp) and Ered = {xp = 0). If the strict transform tt^^x of 
C\ is defined by ojf = with 

= ^A 2;p)rfa;p + XpB^{xp, yp)dyp, 

then the singular points of t^e^x in the first chart of Ered are given by = and 
A|'(0,yp) = 0. Let us compute the polynomials Af{Q,y) and Bf{0,y). 

We consider two situations: E being the first bifurcation divisor of G{C) or 
not. If E is the first bifurcation divisor, then E belongs to the geodesic of all the 
irreducible components of C. Let {Rf, . . . , Rj^^^} be the singular points of n*^C\ in 
the first chart of Ered where Rf = (0, cf) in the coordinates {xp,yp). 

Compute the strict transform of ijJ\ hy tte using the expression in ([3]) and the 
fact that {i?f , . . . , Rf^} = tt*^C n Ered, thus we get that 



Af (0, y)^p-iJ2 ^0 E(y - «p) = p (E Il(y - ^fy 



E\ri 

y- r 

1=1 i=l 1 = 1 



i3f(0,2/) = ^A,n(y-«^p) 

i=l j^i 

where n = 'tij^b (tt^C); note that also r; = tJ{j : T^E^j D Ered = {Rf}}- 

Let us now compute the strict transform of ^[a-b] '^e;- I3y the equation of 
r^.jjj given in Q and lemma [1] we obtain that the points of the set Ti'^jLj^^.^ n Ered 
are given by Xp = and 



(5) 



i3f(0,yp) = 0, ifp>l; 
aA\-\l,yp) + bBl-\l,yp) =0, if p = 1, 



where A\ ^{x, y)dx + -BJ^ ^(x, y)dy is the jet of order vq{C\) = ?- — 1 of lo\. Hence 
we shall consider the two cases: p > 1 and p = 1 to describe the set '^*E^^a-b] ^ 

Ered \ 7''|;C fl Ered- 

By theorem [TJ we know that m {tt*^V^^,^) = n — 1 and consequently, the 

polynomial Jl/'ii(y ~ ^fY^~^ divides the polynomials in ([5]). In particular, the 
points of Ti'^Lj^^.j^j n Ered \ i'bC' n Ered ai'c givcu by Xp = and Hf{yp) = with 



Bf{o,y)/YtiZiiy-cfr~\ ifp>i; 

{aAl-\l,y) + hBl-\l,y))IYt,Zi{y-cfr-\ ifp=l. 



The degree of Hf{y) as a polynomial in y is equal to — 1 and its coefficients 
depend linearly on the Xi . Let us study the two cases p > 1 and p ~ I. 

Case p > 1: Let D^{\) be the discriminant of Hf(y) as a polynomial in y. 
Thus, the polynomial Hf{y) has 6b — 1 different roots if and only if D^{\) ^ 0. 
Note that D^{\) ^ since £'^(1, 0, . . . , 0) 7^ 0. Thus, the set Uf is equal to the 
non-c mpty Zariski open set P^."^ \ {D^ = 0}. 
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Case p = 1: The exceptional divisor E coincides with Ei and the coordinates 
{x,y) are adapted to Ei. From ([3]) we get that 

r 

1=1 j=iii 

Br\l, y) = (0, y)=j2K X\{y - aj). 

4=1 j^i 

Thus the polynomial Hf^ (y) can be written as follows 

Let us show that Hf^{y) has 6^;^ — 1 different roots, ft is clear that 



^ (0, y) = A\-\l, y) + yBl-\l, y) = (J] A,) \[{y - cf 



i=i ;=i 

and then J^^{y) + yB\{y) = (X]i=i ^^j) Ilz'f i iv^'^f^)- particular, we deduce that 
A^vCy) and B\{y) do not have common roots. In fact, the only possible common 
roots are the elements of the set {cf^}|'f^, but if cf^ is a common root of both 
polynomials then it is also a root of ^ {y) in contradiction with theorem [1] Thus 
for a, b generic, the polynomial H^^ (y) has 6^;^ — 1 different roots and hence Uq^ ~ 

pr-l 

We consider now the case of being any bifurcation divisor. Put / = {1, 2, . . . , r} 
and = {i E I : E belongs to the geodesic of Ci}. We can write ujx = uj'^ + uj'^* 
where 

'^x = Y[ iy - Vi{x)) n (y - Vi{x)){-Vj{x)dx + dy), 

= n ~ ^3 n ~ m{x)){-'n'j{x)dx + dy). 

If we compute the strict transform ujf of by tt^;, we get that the polynomials 
A|'(0, y) and -Bf'(0, y) are given by 

Af{Q,y) = C-\{{y-aD- Bf iO,y) = C ■ U iv - <^i>) 

where C, C are non-zero constants. Thus the set Uq is defined in a similar way to 
the case of E being the first bifurcation divisor with p> 1. 

We conclude that J7^^ is a non-empty Zariski open set because it is a finite 
intersection of non-empty Zariski open sets. □ 



The next lemma concerns the infinitely near points of generic polar curves and, 

-loc 

c" 



in particular, it allows to show the equality of the sets Uc and 
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Lemma 2. Consider two foliations J-,C\ G '^c \- Let Tj^.j^j and T^^^ he generic 
polar curves of T and C\ respectively. Then, for each irreducible component E of 
■k'^^{Q), we have that 

T^*E'^[a:b] ^ Ered = TT^r^^^j H Ered 

and the multiplicities satisfy that rnpiTryT^^.^) = mp{'iT*^T'^^,^) at each point P G 
7r|,rj^.j^j ni?red- Moreover, if E ^ Ei, the sets above does not depend on [a : b], that 
is, 

for all [a : b], [a' : b'] generic. 

Proof. Take an irreducible component E of 7r^^(0) and let tte : Me {C^,0) be 
the reduction of ttc to E. If is not a bifurcation divisor, then Tr^Tj^.j^j H -Bred and 

TT^r^-^jjj n Ered coincidc with n'^C D Ered because ^fa-b] ^[crb] strict adjoint 
curves of C; in particular, the points of the set t^e^^.^ H Ered does not depend 
on [a : b]. Moreover, mp (7r|,rj^.jjj) — mpin'^T^J^y^) = mp{'K*^C) — 1 at each point 
P G 7r|;C n Ered by theorem [T] 

Assume now that i? is a bifurcation divisor with v{E) = p. In order to simplify 
notations, we suppose that E is the first bifurcation divisor and that the coordinates 
(x, y) are adapted to E; otherwise we work in a similar way as in the proof of 
proposition [21 Consider two 1-forms ujjr — Ajr[x,y)dx + Bjr{^x,y)dy and ojc ~ 
Ac{x,y)dx + Bc{x,y)dy such that J- and C = C\ are defined by lujt = and 
ujc = respectively. 

Take {xp,yp) coordinates in the first chart of Ered such that TTEixp,yp) = 
{xp, x'^yp) and Ered = {xp = 0). Let uj^ and lu^ be the strict transforms of ujjr and 
uJc by T^E with 

(6) = Af{xp, yp)dxp + XpB^{xp, yp)dyp, 

(7) ujf = Af{xp,yp)dxp + XpB^{xp,yp)dyp. 

Denote by {i?f , . . . , -Rfc^} the points of the set tt'^C D Ered and assume that each 
point Rf = {0,cf) in the coordinates {xp,yp). The singular points of tt*^J- and 
7r^>C in the first chart of Ered coincide with the points of 7r|;C fl Ered since T and 
C belong to Gc- Moreover, mj^E{TT*^T) = mj^E{'K*^L) — TO^E(7r|;C). Thus, up to 
divide oj^ and oj^ by a constant, we have that 

bE 

(8) Af(0,y) = ^f(0,y) = n(y-cfr 

/=i 

with ri = m^E {'k*^C) . By theorem[Tl we also have that rripp (tt^jFj^.^j ) ~ nij^E (tt^jF^.j^j ) 
m^E (7r|;C) — 1. Thus we only need to show that the sets 7r|;Fj^.j^jni?red\7''£;Cn£'re(i 
and Ti'sF^.^j n E'red \ t^e^ ^ Ered coincide. Using similar arguments as in the proof 
of proposition [21 we obtain that the points of t^'e^^.^ <^Ered \ '^e^ ^ Ered are given 
by Xp = and H^{yp) = where 

H^(v)^l 5|(o,y)/n'fi(y-cfr~\ ifp>i; 

^^^^ 1 iaA^f\l,y) + bB;r\l,y))/Uil\iy ~ cfr'-\ ifp=l, 
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and A^yT^ix, y)dx + B^^{x, y)dy is the jet of order = r — 1 of ujj^. We obtain 

in a similar way a polynomial ijj' [y) for the foliation C. In order to prove the 
lemma we only need to show that the polynomials H^{y) and H^{y) coincide. 

Taking into account that £ is a logarithmic model of J-, we get that the Camacho- 
Sad indices I^e (tt^J-", Ered) and I^e (tt^^C, Ered) are equal for I ~ 1, . . . , bs- From 
the definition of the Camacho-Sad index given in ^ and equations ([7|) we 
obtain that 

^RfV^E-F^Ered) = Kcs^^cf ^E(^q , 



^Rf i'^E^^ Ered) — RCS^ 



BEiO,y) 



A^{0,y) ■ 

If p > 1, the computation of the indices gives that 

T 1^* T w \ — J?^(cf) (* r TP \ ^Bf{cf) 

^R.f'K^E-r'iEred) - , „ 1 rE (t: ^L, -bred) " 



11.^..^. - cf)' U%{cf-cf) 

and hence H^{cf) = H^{cf) for Z = 1,2, . . . ,6b. Consequently, we deduce that 
the polynomials H^{y) and H^{y) are equal. 

Consider now the case p — I which corresponds to E = Ei. We can write 

H^^iy) = aA%iy) + bB%{y)- H^-{y) = a^ly) + bB^^{y) 

with A^_{y), B^_{y) e C[y]. Since ttei is the blowing-up of the origin, it is easy to 
see that 

Af{0,y)=A^-\l,y) + yB^^-\l,y); B^^ {0,y) ^ B^^-\l,y) 

and similar equalities hold for the foliation C. Thus, from equation ([8]), we deduce 
that 

A^^iy) + yB%{0, y) = A\{y) + yi?^(0, y) = \{{y - cf^). 

1=1 

Furthermore, the equality of the Camacho-Sad indices implies that Byr{y) = B'^^{y) 
and consequently A^jr{y) — ^^(y). We conclude that H^^{y) = H^^{y) and this 
finish the proof of the lemma. □ 

Proof of theorem From the previous lemma we deduce that A G UjS^ if and only 
if, each foliation !F E G'^ ^ is Zariski-general. This implies that Uc = U^^^ and the 
theorem follows straightforward. □ 

Remark 1. Note that there are non Zariski-general foliations, even hamiltonian 
ones. For instance, take / = y{y — x^){2y — (1 -I- and oj = df; a, generic 

polar curve of cj = is irreducible with one Puiseux pair equal to (5, 2) and hence the 
reduction of singularities of / = is not a reduction of singularities of a generic polar 
curve. Moreover, in this example (1, 1, 1) ^ Uc whereas for g = y{y — x'^){y + x'^) a 
generic polar curve of dg = has two branches with coincidence equal to two and 
hence (1,1,1) G Uc- This shows that the set Uc depends on the analytic type of 
the curve C. 

Corollary 2. If J- Cz Gi'^ ^ is a Zariski-general foliation, then the curves C U F^ 
and C U are equisingular. 
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Observe that the reciprocal of the corollary above is not true. Consider T defined 
by cj = with uj =- [Aixip' + 2x^y)dx + {y^ — 2ix^y — — x'^)dy. The foliation T 
belongs to GJ.^^ with C = {y{y — x'^){y + x'^) = 0) and A = (1,— The curves Tjr 
and are both irreducible with one Puiseux pair equal to (5, 2). Hence C U Tjr 
and C U T Cx ^'^^ equisingular. However, ttc is not a reduction of singularities of 
any of the generic polar curves and then A ^ Uc- We also remark that T belongs 
to although (1,— is resonant. 

5. Kind equisingularity type 

Let us consider a curve C C (C^, 0) which can have singular branches and take 
p : (C^ , 0) —* (C^ , 0) any C-ramification. The existence of a curve Z such that 
p^^Z is a perfect adjoint curve of p^^C can not be assured in general. We look for 
conditions over C that guarantee the existence of perfect adjoint curves of p~^C 
and, in this case, we also define the equisingularity type xc- 

Definition 4. We say that a curve C has a kind equisingularity type if for each 
dead arc of G{C) with bifurcation divisor and terminal divisor Et we have that 
m{Eb) = 2m{Et). 

Let us explain what having a kind equisingularity type means in terms of the 
equisingularity type of C. If Ei, is a bifurcation divisor of G(C) belonging to a dead 
arc with terminal divisor Et, then m{Eb) = nE^m{Et) by appendix El Hence, the 
curve C has a kind equisingularity type if, and only if, ue^ = 2 for each bifurcation 
divisor Eh of G{C) which belongs to a dead arc. In particular, this implies that each 
dead arc in G{C) has only two vertices: the bifurcation divisor and the terminal 
divisor. Observe that this property does not characterize the fact of having a kind 
equisingularity type; it is enough to consider the curve y'^ — = which does not 
have kind equisingularity type. We have the following result of characterization for 
kind equisingularity types: 

Proposition 4. The following statements are equivalent: 

• The equisingularity type e(C) is kind. 

• There is a germ of curve Z C (C^, 0) such that p^^Z is a perfect adjoint of 
p^^C for any C-ramification p. 

Moreover e(C U Z) does not depend on the choice of Z . 

Proof. Let C C (C^,0) be a plane curve and consider p : (C^,0) (C^,0) any 
C-ramification. 

Assume first that there is a curve Z such that p^^ Z is a perfect adjoint curve 
of p~^C. Take any bifurcation divisor E of G{C) which belongs to a dead arc with 
terminal divisor Ef. Then E' is a Puiseux divisor and m{E) = Ue^e with ue > 2 
and m{Et) = n^. Let us prove that ue = 2. 

Let {E^}j^i be the divisors associated to E in G{p~^C). We have that 

(9) bgj={bE-l)nE for all J^l,...,?!^;. 

Let us denote by 6^^- the number of edges and arrows which leave from E^ in 
G{p~^CU p~^ Z). Taking into account that p~^Z is a perfect adjoint of p~^C, from 
corollary [T] we have that 

(10) =26^, -1 foraU j = l,...,nB. 
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Moreover, using the relationship between G{C U Z) and G{p^^C U p^^Z), we can 
compute h*j^- in terms of b*^, where b*^ is the number of edges and arrows which 
leave from E in G(CUZ). In fact, note that E is also a Puiscux divisor in G{CUZ) 
and then there are two possibilities: 



The first situation is not possible, because the equality b*^^ = (b*^ — l)nE and 
equations ©, (flU)) would imply that 2n£;(5£; — 1) — 1 = (6^ — l)??^; and hence ue = 1 
against the hypothesis. Then the second situation holds so b*^^ = {b*^ — l)nE + 1. 
Using again equations ([9|) and (fTO|) . we get that (26b — ~ — 2. Thus the 

only possible values are ue = 2 and 5|j = 26^ — 2. 

Assume now that C has a kind equisingularity type. Let Z he a, plane curve such 
that TTc gives a reduction of singularities of Z U C and that G(C U Z) is obtained 
by adding to each divisor E of G(C) the following number of arrows: 

6b — 1, if _B is a bifurcation divisor which does not belong to a dead 
arc in G{C); 

< 6e — 2, if is a bifurcation divisor which belongs to a dead arc in G(C); 
1, if is the terminal divisor of a dead arc in G(G); 

0, in any other case. 

Let us show that p^^Z is a perfect adjoint curve of p^^G. By the description of the 
reduction of singularities of Z given above, it is clear that Z is composed only by 
non-singular branches. We first prove that iTp-ic gives a reduction of singularities 
of p^^G U p^^Z . Take any branch 7 of Z and consider the divisor E of G(G) such 
that 7r^7 n i? 7^ 0. Let us see that iTp-ic desingularizes p^^j. There are three 
possible situations: 

• is a contact divisor with associated divisors Then p^^'f is 
composed by non-singular branches and each of them cuts one and only 
one divisor E^ . 

• _B is a Puiscux divisor with associated divisors {E^}j^^. Then p^^7 is com- 
posed by nE^E non-singular branches and there are exactly ue branches 
of p^^j which cut each E^ in he different points (see appendix IB|) . 

9 E is the extremity of a dead arc with bifurcation divisor Ei,. Let {£'^}7=i 
be the divisors associated to Ei,. Then p~^j is composed by n^^ — m{E) 
branches and each of them cuts one and only one of the divisors E^ . 

Moreover, TTp-ip is a reduction of singularities of p^^Z. In fact, consider two 
branches 7 and 7' of Z which cut the same divisor E and let a and a' be two 
branches of p~^j and p^^j' respectively, such that they cut the same divisor E^ . 
Then a and a' cut E^ in different points since otherwise the coincidence between 
7 and 7' would be greater than v{E). A similar argument proves that TTp-ip is the 
minimal reduction of singularities of p~^G U 

In order to assure that p^^Z is a perfect adjoint of p^^G we also need to check 
if 6^ = 26£; — 1 for each bifurcation divisor E of G{p^^G). Let E be the bifurcation 
divisor of G(G) which E is associated to. Let us consider the three possible cases 




(6^ — l)nE + 1, otherwise. 



if E belong to a dead arc in G(G U Z); 



for E: 
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9 E is a contact divisor in G{C) and wc have that bj^ = bs and b*^ = 26b — 1. 
But E is also a contact divisor in G(C U Z) and hence b*^ = b'^. We deduce 
that b% = 26e, - 1. 

• is a Puiseux divisor belonging to a dead arc in G{C) and hence bj^ ^ 
{bs — l)nE and b*^ ~ 2bE — 2. In this case, i? is a Puiseux divisor without 
dead arc in G{C U Z) and we have that b*^ = (b*^ — l)nE + 1- We deduce 
that 6^ = 26^ — TiB + l and the result follows since by hypothesis he = 2. 

• E isa. Puiseux divisor without a dead arc in G{C), thus 6^ = (6_e — l)n-£; + l 
and b*^ = 26£; — 1. The divisor is also a Puiseux divisor without a dead arc 
in G{CUZ), so b*^ = {b*^-l)nE + l- Hence we conclude that b*^ = 26^-1. 

It is clear that the equisingularity type e(C U Z) does not depend on the choice of 
the curve Z. □ 

If C is a curve with kind equisingularity type, we say that Z is a perfect adjoint 
curve of G if p~^Z is a perfect adjoint curve of p~^G, for any C-ramification p. We 
are interested in the description of the equisingularity type xc = ^{C U Z). A first 
result in this direction is the following lemma: 

Lemma 3. Consider a curve G with kind equisingularity type and let Z be a perfect 
adjoint curve of G with Z = ^EeB{c)^^ ■ Then C(C^,$^) = v{E) for any two 
branches C^,^^ ofZ^. 

Proof. The result follows from corollary [1] and equation . □ 

The next proposition gives a completely description of xc ~ e(C U Z) in terms 
of e(C): 

Proposition 5. Let G be a curve with kind equisingularity type and Z a perfect 
adjoint curve of G . Then ttc gives a reduction of singularities of ZUG. Moreover, 
the branches of Z intersect an irreducible component E of the exceptional divisor 
of TTc o-s follows: 

• If E is a bifurcation divisor of G{G), the number of branches of Z cutting 
E equals to bE ^ 2 if E is in a dead arc and to bE ^ ^ otherwise. 

• If E is a terminal divisor of a dead arc of G{G), there is exactly one branch 
of Z through E . 

• Otherwise, no branches of Z intersect E. 

Remark that the fact that "ttc gives a reduction of singularities of C U Z" does 
not imply that Hp-ic desingularizes p~^G\J p~^Z. However, the description of the 
dual graph G{G U Z) given in proposition [5] characterizes the fact of Z being a 
perfect adjoint curve of G whenever G has a kind equisingularity type. In fact, in 
proposition [4] we have already proved that, if C has a kind equisingularity type, a 
curve Z such that G{G U Z) is as described in proposition [5] is a perfect adjoint 
curve of G and the proof of proposition [S] will show the reciprocal. 

In order to prove proposition [5] we first describe the equisingularity type of the 
irreducible components of Z in terms of the equisingularity data of C = U^^^Gi. 
Given an irreducible component C,; of G we denote by {/?o, Pit ■ ■ t P^g-} its charac- 
teristic exponents, {("t-], J^^OI^Li the Puiseux pairs of Gi and is the multiplicity 
ruQ^Gi) at the origin. We use the notations introduced in appendix [Al for the dual 
graph G(C). 
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Lemma 4. Consider a curve C with kind equisingularity type and let Z be perfect 
adjoint curve of C with decomposition Z = ^EeB(C)Z^ ■ Then, for each E E B{C) 
and i € I'^, we have that 

(i) // E is a contact divisor, then the curve Z^ has 6^; — 1 irreducible com- 
ponents. Each irreducible component C, of Z with characteristic exponents 
{vl,v\,...,vl^'\ given by 

^0 = "^o(C) = He^ = Zi£;/3;7"-' for I ^ 1,2, ... , ks- 

(ii) If E is a Puiseux divisor which belongs to a dead arc, the curve Z^ has one 
irreducible component Co with characteristic exponents 
{v^" , ly^" , . . . , u'^l} given by 

J^o" = ™o(Co) = Re, vj° = REPl/n' for I = 1,2, ... , ke, 

and Be ~ 2 irreducible components such that each branch C C Z^ \ has 
characteristic exponents {i'q,i'i, . . . , i^^^, i^^e+i'^ given by 

1^0 = mo{() = n^UE, i^f = IkEnEPl/n'- for I ^ 1,2, ... , fc^ + 1. 

(iii) // E is a bifurcation divisor which does not belong to a dead arc, then Z^ 
has bE — 1 irreducible components. Each irreducible component C of Z with 
characteristic exponents {i/^, i/^, . . . , i^^^, J^^^^^} 5*^6^ 

= mo(C) = ZLeUe, lyf = IkEnEPl/n'- for I ^ 1,2, ks + l- 

Proof. Consider any C-ramification p : (C^,0) — * (C^,0) and denote C — p~^C. 
Let {&}ffi be the divisors of G(C') associated to a divisor E of G{C). By the 
results in section[2l we have that p^^Z^ = \Jj^^Z^' where Z = ^EeB{c)^^ 
decomposition of Z = p^^Z. Let us study the different possibiHties for E: 

(i) E is a contact divisor: then v(E) = mE/riE witb tue > ^fc^, and Ue = 
n\ - ■ ■ n^,^ for any i E Ie- Consequently, the kE first Puiseux pairs of an irreducible 
component C,^ of Z^ coincide with the ones of Ci, for any i G Ie, since C{C^ , Ci) = 
v{E). Thus, a Puiseux series of is given by 

ip(-{x) = ^ aix' + Orx'^ H h a'^a;"'^' H , 

where r = m^^ljiE a-nd 7^ 0. This implies that mo(C^) = d ■ Ue- Let us show 
that mo(C^) = n^. 

We have that = p-\^ C uf^^Z^', and if we write = uf^^C^' with 
(^^' C Z^', then TOo(C^') > 1- By corollary [1] each curve C,^' has mo(C^') non- 
singular irreducible components and the coincidence between two of them is equal to 
v{Ei). Moreover, the irreducible components of C,^ are in bijective correspondence 
with the Puiseux series of C,^ . Then, if 7^ 0, the coefficients of a;''^^) in the 
different Puiseux series of are given by a'^^'"'^^)"^o{i'') ^ith ^"io(C'') = 1, But 
since 

v{E) ■ mo(C^) = ^ • mo(C^) = • d 
Re 
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then aC^^(^)™o(? ) takes at most different values and hence d = 1. If a'' = 0, 
then mo{C^) = He since otherwise one of the curves C^' has at least two irreducible 
components with coincidence greater than v(Ei). 

We deduce that each irreducible component of has multiplicity equal to 
n^- Since mo{Z^) = — 1), then has exactly 6_e — 1 irreducible components 

with multiplicity n^- Moreover, the Puiseux pairs of each irreducible component ^ 
of coincide with the ks first Puiseux pairs of d for i £ Ie and the characteristic 
exponents {i/q, i^^, . . . , i^f^} of ( are given by I'f = riEpl/n^ for Z = 0, 1, . . . , ks- 

(ii) E is a Puiseux divisor which belongs to a dead arc: we have that v{E) = 
mriE IzLe'^e with n^; = 2 because C has a kind equisingularity type and then 
moiZ^) = riEin-EibE - 1) - 1) = IkE'^EibE - 2) + n^;. 

An irreducible component ("^ of Z^ has at least the kE first Puiseux pairs equal 
to the ones of Ci with i G Ie- Thus mo(C^) > Ue- A Puiseux series </5c(a;) of C,^ is 
given by 

^^{x) = ^ flix' + a«x"(^) + . . . , 

l<v{E) 

but since Ue'^^e does not divide mo{Z^), then there is at least one irreducible 
component (^q of such that the coefficient of a;^'-^^ is zero. Moreover, ^(f 
must be unique because the existence of another irreducible component Sq of Z^ 
with a^o = would imply that C{Co,5o) > v{E) in contradiction with lemma [31 
Let us show that mo(C(f ) = ILe- i'ACt, mo(C(f ) = d ■ Ue with d G N. Consider 
the curve Cif = P''^(o and write C,f = ufj^Co^' with C^' C Z^' . By corollary [J 
the number of irreducible components of Z^^ is equal to its multiplicity, hence 
mo(C(f') = 1 since otherwise the coincidence between two branches of ^q'' will be 
greater than v{Ei). Hence too(Co') ~ ^^E■ Consequently, we have that 

mo{Z^ \ Co) =IlEnE{bE- 2). 

Consider now an irreducible component of Z^ \ C(f . The coefficient in <f(;{x) 
must be non-zero and thus mo(C^) > Ue'^^e- With similar arguments as above, we 
show that mo(C"^) = ReUe- 

We have proved that Z^ has one irreducible component Cq with multiplicity 
Ue Etnd Be — '2 irreducible components with multiplicity UeTIe- The characteristic 
exponents {i^q" , I'l" , . . . , i^j"^} of Co are given by lyf" = riEPi/n^, ior I = 1, . . . , kE, 
and the characteristic exponents {i^q, v'l, . . . , v^^^^} of a branch C^ of \ Cf are 
given by vj = Ue^ePI /n^ for / = 0, 1, . . . , fc^; + 1 and i £ Ie- 

(iii) E is a Puiseux divisor which does not belong to a dead arc: we have that 
v{E) = mE/riEnE with tie > Take any irreducible component C^ oi Z^ . Let 
us see that mo(C^) = UeTie- Consider 

ipc_{x) = ^ a,a;' + a^x''^^) + • • • 

l<v(E) 

a Puiseux series of C^ ■ The hypothesis over E imply that {tue, ^b) is not a Puiseux 
pair of (7j if j G Ie\Iei or equivalently, the coefficient of x''^^) in the Puiseux series 
of Cj is zero. In particular, we deduce that 7^ for all irreducible components 
C^ of Z^ since C{Cj,C^) — v{E). Consequently, {mE,nE) is a Puiseux pair of C^ 
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and the fc^ + 1 Puiseux pairs of C coincide with the ones of Ci with i E I'^. With 
similar arguments as in case (i) we prove that mo(C^) = n^UE- 

From the fact that mQ{Z^) = n^nEibE — 1), we deduce that has exactly 
6b — 1 irreducible components, each of them with multiplicity Ue'^e- Hence, the 
characteristic exponents {i/q , j/f , . . . , i/^^^-^} of a branch C,^ of arc given by 
i^i = ILe''^ePi /n^ for / = 1, . . . , A:^; + 1 and i G □ 

The previous description of the cquisingularity type of the irreducible compo- 
nents of Z^ will be useful in the proof of proposition [5l 

Proof of proposition O Let C be a curve with kind cquisingularity type and let 
TTc : M — !■ (C^,0) be its minimal reduction of singularities. Consider Z a perfect 
adjoint curve of Z with decomposition Z = l->EeB{C]Z^ satisfying properties Dl.- 
D5. in section[2l It is clear that the points of t:'^Z Hn'^^ {0) coincide with the union 
of the sets ttJZ^ n tt^^{0) for E e B{C). We deduce that if Z cuts a divisor E, 
then E is either a bifurcation divisor or it belongs to a dead arc, but since each 
dead arc of G(C) has only to vertices, then E is either a bifurcation or a terminal 
divisor. 

Assume first that i? is a bifurcation divisor without a dead arc attached to it. 
Then properties D3.-D5. of the decomposition of Z imply that each irreducible 
component of Z^ cuts E, i.e., n'^C^ fl Ered 0- Moreover, the number of 
points of tteZ^ D Ered is equal to the number of irreducible components of Z^ . In 
fact, if n*j^(^ n Ered = T^*Ei^ n Ered then C(C^,$^) > v{E) in contradiction with 
lemma [S] The present hypothesis correspond to the cases (i) and (iii) of lemma IH 
hence the number of points of tt'^Z^ n Ered is equal to 6^; — 1. It is clear that tte 
is a reduction of singularities of each irreducible component C,^ of Z^ since each 
curve t^eC^ is an i?red-curvette by lemma |4l 

Assume now that -E is a bifurcation divisor which belong to a dead with terminal 
divisor Ef. By properties D3.-D5. of the decomposition of Z, we have that either 
TT^C^ n Ered 7^ Or 7r|;C^ n n'i^{Et) ^ for an irreducible component of Z^. 
By lemma m there is an irreducible component (^q of Z^ with multiplicity n^, 
thus tteCo n Tr'^{Et) ^ since each curve 7 with 7r^7 n Ered 7^ must have 
multiplicity > m{E) = n^riE- Moreover, (^q is the only irreducible component 
of Z^ which cuts Et because the existence of another one would imply that 
^iCoT^o) — ^{E't) > v{E) in contradiction with lemma [3] Finally, the number 
of points of t^*eZ^ H Ered coincides with the number of irreducible components of 
Z^ \ C,Q which is bE — 2. We also have that tt^ is a reduction of singularities of Z^ 
since C(f is a 7r^(i5t)-curvette and ("^ is an iJ^ed-curvette for each C Z^ \ <^q 
by lemma m 

The fact that ttc gives a reduction of singularities of CUZ follows using property 
D2. and the result is proved. □ 

6. Proof of the main theorem 

Consider a curve C = Ul^^Ci which can have singular branches. Let Uc be the 
set of A G Fc~^ such that there exists g ^ with p~^rjr a perfect adjoint curve 
of p^^C, for any C-ramification p. This section is devoted to prove the following 
result: 
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Theorem 4. The set Uc is a non-empty Zariski open set if and only if C has a 
kind equisingularity type. Moreover, in this case p{T) = xc for any T G with 

Take any C-ramification p : (C^, 0) — *■ (C^, 0) given by x = u", y = w. Consider 
a foliation T G 'G*c \, then the transform p*T belongs to G*p-i(j x' where A* = 
X{p*T) e f"^-^ and m = mo(C) is the multiplicity of C at the origin. We denote 
by Tjr and T p>jr two generic polar curves of T and p* J- respectively. 

It is clear that the foliation p*P has a curve of separatrices with only non-singular 
branches. Consequently, by the results of section[4l Tp*jr is a perfect adjoint curve 
of p~^C if and only if A* € Up-ic and in that case, eiVp'j: U p~^C) = Xp-^c- 
However, in general, p^^Tjr and Tp-jr are not equisingular (see [S]). Consider the 
following properties: 

(A) : e{Tp,:rnp-'C) = Xp-w 

(B) : e{p-'T:rnp-'C)^Xp-^c 

Proposition 6. Property (A) implies (B). Moreover, both properties are equivalent 
if the curve C has at most two different tangent lines. 

Observe that properties {A) and {B) above do not depend on the choice of the 
C-ramification p. 

Definition 5. We say that T is a Zariski-general foliation when property (B) holds. 

Notation . In this section, we denote by C and T the curves p~^C and p~^Tjr 
respectively; the transform of the polar p^^T{!F; [a : b]) will be denoted by ^[a-.b] or 
r^F when the explicit direction of polarity or the foliation are needed. If tt^ : M ^ 
(C^, 0) is the minimal reduction of singularities of C, we denote by E an irreducible 
component of tt^^ (0) and by tt^ : (C^, 0) the morphism reduction of tt^j to E. 

The reader could refer to appendix [B] for a detailed description of the ramification 
tools. 

Let us state two lemmas concerning the infinitely near points of T and Tp^yr. 

Lemma 5. Consider a foliation T € and let E\ be the irreducible component 
of n'^^{0) with v{Ei) = n. Then the set 

has exactly fe^,^ — 1 points which depend on [a :h\. 

Proof. Observe that the divisor Ei of 7r^^(0) is associated to the divisor Ei of 
7r^"'^(0) and hence the coordinates {x^y) and {u,v) are adapted to Ei and 
respectively. Let w = A{x, y)dx -f B{x^ y)dy be a 1-form defining J-. Then T^a-.t] is 
defined by aA{x, y) + bB{x, y) = and T[a:b] is given by aA{u^, v) + bB{u"-, v) = 0. 
Take coordinates {u,v) in the first chart of Ei such that 7r^^('it, u) = {u,u"-v) and 
El = {u — Q). The strict transform n*^ r[a:h] is given by 

^i^f = {aA,{l,d) + bB,{l, i) + u{---)^ 0}, 

where ly = i^oiJ-) and A^{x, y)dx + Bi,{x, y)dy is the i^-jet of uj. Then the points of 
TT^ T[a:b] H i?i,red are defined by u = and aA^{l,v) + bB^{l,v) = 0. Taking into 
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account that T[a:b] is a strict adjoint of C and using similar arguments as in the proof 
of proposition[3]casep ~ 1, we get that the points of tt% fjin-Bi red\7r|, CnEi red 
are given by u = and H^^ {v) ~ with 

H^^{v)^aAl{v)+bBl{v), 

where j^^{v) and do not have common roots. Thus the result follows straight- 

forward. □ 

Corollary 3. Given a foliation T € G^, the set ''^*Ej^\a-h\ ^ ^i,red \ '^*Ei^ ^ ^-i.red 
has exactly — 1 points which depend on [a : b]. 

Proof. The result follows from the fact that there is a bijection between the points 
in -Bi.red and the ones in Ei^^ed (see lemma |S]). □ 

Lemma 6. Consider a foliation T G G^. Then we have that 

TT^r n Ered ~ T^*j^^ p' n Ered 

for each irreducible component E of 7:^^(0) with v{E) > n. Moreover, mp{'K*^T) ~ 
mp{TT*^Tp*jr) for each P € 7r|f n Ered- 

Proof. Let uj = A{x,y)dx + B{x,y)dy be a 1-form defining J-'. Then the curves F 
and Fp. yr are given by 

f = {a^(u", v) + bB{u'', v) = 0}; 
Tp.jr = {a^(u",w)nu"-i = 0} 

Take any irreducible component E of 7r^^(0) with v{E) = p > n and assume that 

(m, v) are coordinates adapted to E. By the results in section [3l it is enough to 
prove that 

(11) Inp{aA* + bB\ u, v) = Inp{aA + bB; u, v) ~ Inp{bB; u, v) 

where A{u,v) = nu"^^A{u",v), B{u,v) = B{u"-,v) and A*{u,v) = A(u",t;). 

Let i+pj = fc be the equation of the line which contains the side of M{p* T; u, v) 
with slope equal to —l/p. Then it is clear that A(p*w) C {(«, j) & : i+pj > k}. 
Moreover, A{aA + bB) C {(«, j) : « +pj > A: — p} by lemma[T] Let us prove that 
A(j4) and A(A*) are contained in {{i,i) : i + pj > k ~ p}. Consider two cases: 

• If {i,j) e A{A) then {i + e A{p*Lo) and hence i+pj>k-l>k-p. 

• If {i,j) G A{A*) then {i + n,j) G A{p*uj) and consequently i+pj > k — n > 
k — p. 

Thus the equalities in (llip hold and the lemma is proved. □ 

Let us show now that being a Zariski-general foliation only depends on X{J-). 

Proposition 7. A foliation T G GJ; is Zariski-general if and only if C\ is a 
Zariski-general foliation. 

Proof. Let F^r and F^ be generic polar curves of J- and C ~ Cx, respectively, and 
put F;r = p^^Tjr and F^ = p^^F^. Let us prove that the infinitely near points of 
Tjr and Tc coincide at each irreducible component E oi n~:^{0), E ^ E\. In fact, 
by lemma [21 we have that 

'^*p^ p'T n Ered ~ 7r|,Fp*£ n Ered 
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for each irreducible component E of 7r^^(0), and from lemma [6l we deduce that 

7r|,r;(r n Ered ~ p' T H Ered'i C H Ered ~ T^*j^ p' C H E^ed 

ii E El. Consequently, TT*^Tr Ered = '^};^c n Ered provided that E ^ Ex. 

Moreover, the sets tt^ f;r n £^1 red \ 7r|, Gr\Ei red and 7r| f;r n i?i red \ 7r| C* n 

Ei^red have always — 1 different points by lemma O Then the result follows 
straightforward applying the criterion given in proposition [TJ □ 

Now we are ready to prove proposition [H] 

Proof of proposition\^ Let be a foliation in G^. By the results of sectional it 
is clear that 

e{Tp,:r n p~'C) = Xp-^c if and only if. A* = X{p*T) G Up-ic = f] U§, 

EeB{C) 

where B[C) is the set of bifurcation divisors of 7r^^(0) and C F™"^ ^'^^ 
Zariski-open sets defined in section U) From lemmas [5] and [S] we deduce that 

e(p-ir^np-iC) = Xp-ic ifandonlyif A* e f| C/|. 

Consequently property {A) implies {B). 

Assume now that C has at most two different tangent lines, i.e., fo^i — ^Ei — ^■ 
If b^^ = 1, then Ei is not a bifurcation divisor. If b^^ = 2, we can see that 
^ pmo(c)-i ^g^^ definition in section g]). It follows that (^1) and {B) are 
equivalent when C has at most two different tangent lines. □ 

The set Uc is equal to the set of A such that each T G GJ; is a Zariski-general 
foliation. It is an open subset of PJJ."^ but it could be empty. In fact, remark that 
A = (Ai, . . . ,\r) S Uc if and only if, 

A* = (Ai, . . . , Ai, . . . , Ar, . . . , Ar) G 'ZV^"^'^^ 

where — ?7io(Ci) for z = 1, . . . , r. The theorem|3]characterizes the equisingularity 
types e(C) such that Uc 7^ 0. 

Proof of theorem^ Let us see that, for each bifurcation divisor E of G{C), we can 
construct an open set U/j C P^"^ such that 

r 

A G ?7c if and only if A G Q U^ and ^ fc^A^ 7^ for fc G i?e(c)- 

EeB{C) »=i 

Moreover, we prove that a necessary and sufficient condition to assure that each 
Uq is non-empty is that C has a kind equisingularity type. 

Consider a logarithmic foliation C\ G G'c- Denote by Fa a generic polar curve 
of £\ and put Fa = p~^r\. Take a bifurcation divisor E of G{C) and let E be 
any bifurcation divisor of G{C) associated to E. Let us determine the conditions 
over A which are equivalent to the fact that the set tt^Fa H Ered \ ""^^C* n Ered has 
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exactly 6^ — 1 different points. By lemma [51 we only need to check this condition 
for E ^ El and hence, by lemma [6l we have that 

TT^Fa n Ered \ Tr^C H Ered = Tr*^^^ \* H Ered \ '^*^C C] Ered 

where Tx* is a generic polar cm've of £a* = P* 

Up to a coordinate change, we can assume that (u, v) are coordinates adapted 
to E. Let TTjj, : Mj^ — > (C^,0) be the morphism reduction of tt^j to i? and take 
coordinates (up,Vp) in the first chart of Ered such that Ered = (wp = 0) and 
TTj^{ujy,Vp) = {up,u'Pvp). Consider the 1-form 

Lof, = Af, {up, Vp)dup + UpBf, {up, Vp)dvp 

such that the strict transform tt*^C\* is defined by uif, ~ 0. By the results of 
section |4l we know that the singular points of t:*^C\* in the first chart of Ered 
are given by Wp = and Af^, (0, Vp) ~ and the points of tt^Fa* H Ered are given 
by Up = and Bf,{Q,Vp) = 0. Denote by {i?f , . . . , i?^} the points of the set 
■JT*^C Ci Ered with Rf = (0, cf) in the coordinates {up,Vp). Note that these points 
are also the singular points of 7r|,£A* in the first chart of Ered- We deduce that, up 
to divide by a constant, we have that 



Al{0,v) = Yl{v-cfy 



u — C 

i=l 

\El„,\ _ aE 



where = 771^^(77 |,C). We put A {v) ~ A^,{0^v). Moreover, the points of the 
set Tr^FA- n Ered \ TT^C* n Ered are given by Up = and H^, [vp) ~ with 

n-£i(--cf)--^ 

The polynomial H^,{v) has degree 5^ — 1 as a polynomial in v and its coefficients 
depend linearly on A; we denote H^{v) — H^,{v). Let D^{X) be the discriminant 
of Hf{v) as a polynomial in v and we define Uq to be the set of A such that 
D^{\) ^ for all divisor E G B{C) associated to E. Let us show that each set 
is a non-empty Zariski open set if and only if C has a kind equisingularity type. 

First we compute the polynomials above in terms of the Puiseux series of the 
branches of C. The expression of the polynomials A^{v) and B^,{Q,v) for a 
logarithmic foliation with only non-singular separatrices in terms of the param- 
eterizations of its separatrices was described in the proof of proposition [31 To 
compute these polynomials in our situation we must take into account that the 
curve C is obtained by ramification from C ~ U^^j^Cj. Consider a Puiseux series 
y''{^) — X]s>)i' o-s^*^"' for each curve Ci where = mo(Ci). Thus all the Puiseux 
series of Ci are given by 

y]{x) = for J = 1, 2, . . . ,n\ 

where £i is a primitive n'-root of the unity. Put = Then p^^Ci = 

{o'5}?=i where a] = [v - v){u) = 0). 
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Let be the vertices of G(C) associated to E and assume that E ^ for 

a certain I £ {1, . . . jn^}. By the results of appendix iBl we know that the choice 
of a vertex & is equivalent to the choice of a n^-th root of the unity. Given 

any i G Ie, we denote = n' /n^ and we consider {CiitYt^i ^^le e|;-th roots of ^j. 

Thus, if we denote by the branches of p^^Ci such that & belongs to their 

geodesies, then = [v — r]l^ {u) ~ 0) where 

r^l.iu) = <iCmru^''^"' , for i = 1, . . . , e],. 

The use of the expressions above to compute the polynomials A^^ (v) and B^' {v) = 
Bf,' (0, v) gives that 



(*i) ^^'(«) = n n(^-«U(i^)(c^'*)"''^^''^) 



Since both polynomials only depend on the invariants associated to E, we consider 
the three possibilities for a divisor E of G(C) in order to obtain a more precisely 
expression of them: 

(i) E is a contact divisor: we have that v{E) = mE/n^ and n^; = 1. Then 
n^v{E) = e^^niE for each i £ Ie and consequently (Ciit)" ~ Cf*^ for each 
t £ {1, . . . , e|;}. Thus we have that 



ieiE 

Bi\v) = n - <ME)^^^y''~" E ^^^^ IK- - <ME)^r^ 



Denote by /|, = {i S /b : <.,(s)C" = cf } for s = 1, . . . , 6^, . Thus 
Tliiei' '^^'-^ have that 



«=1 s£li, 3 = 1 



which is a polynomial of degree b^i — 1 in w. Observe that bj^i = 6^;. The discrim- 
inant (A) of i?f {v) as a polynomial in v is a non-zero polynomial. Hence, the 
set C/^ = {A : Z)^ (A) 7^ for ^ = 1, . . . , n^;} is a non-empty Zariski open set. 

(ii) E is a Puiseux divisor with a dead arc: we have that v{E) ~ mE/n^riE 
with ue > 1 and n^^^-^) — (rnE,nE) for each i g Ie- It follows that 

n'-v{E) ~ e^^mE/riE and the set {C,"t''^^''}t=i ^^^s different values which coincide 
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with the n^-th roots {Oit}t^i of Moreover, we have that 

TIE 



^^'^ £"=1 ripSi ~ ^niv{E)^^p') ~ ^ev^^'^ ^- Thus the expressions and (|*2 



become 



In this case we have that hj^i = nsihE ^ ^) and hence there are exactly 6b — 1 
different values {(/'f'}s=i ^ hi the set Ijg/g. Denote = {i G /_e : a*^, = 0f '} 
and = X;^e/» e^E/riE- Then we have that A^\v) = nt=i^(^'"'' - ^^^f and 

i?f (.) = .--1 e\ E A,:e^B) - 4). 

s=i 3=1 

In this situation (A) ^ if and only if = 2. Hence, we conclude that is 
a non-empty Zariski open set if and only if C has a kind equisingularity type. 

(iii) E is a Puiseux divisor without a dead arc: we have that v{E) = mE/riEnE 
with riE > 1 and b^i = 1 + n.E{bE — !)• Wc know that {rriE, ue) — {m\^j^^, n\^j^^) 
for each i ^ I'^ and al^i^(^E) ~ ^ ^ ^ Ie \ Ie (see appendix E]) . Denote by 
To = tl(^E \ -^l;)- With similar arguments and notations as in case (ii), wc get that 



is/* 



Let {0f'}^^7^ be the 6b — 1 different values in the set {af'}ig/» . Denote = 
{i e /|; : a*:,, = (/)f '} and — X]iG/=, p-e/^e- Thus we have that 

bfi — 1 be — 1 6e — 1 

= E ( E ^»^^^^) n (^"" - <^f' ) + ( E n - )• 
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It is clear that in this case (A) ^ for each / = !,... ,n^. Consequently, is 
a non-empty Zariski open set. 

We conclude that a necessary and sufficient condition to assure that all the sets 
are non-empty Zariski open sets is that C has a kind equisingularity type and 
the result follows straightforward. □ 



With similar arguments to the ones in the proof above we can show that: 

Corollary 4. The following statements are equivalent: 

• The curve C has a kind equisingularity type; 

• There exists a foliation T € such that p* T is Zariski- general. 

In particular, if £ *^ca with A G Uc, the equisingularity type of a generic 
polar curve Tjr is completely determined in terms of C and ttq gives a reduction 
of singularities of C U Tjr. Moreover, we get that the irreducible components of 
Tjr cut the exceptional divisor 7r^^(0) as described in proposition [SJ we get a more 
specific description than the one of Le-Michel- Weber in [12] . 

Observe that the property "ttc gives a reduction of singularities of Tyr u C" does 
not imply that ^ is a Zariski-general foliation. Moreover, this property does not 
determine the equisingularity type of Tj^ u C even if we fix A. 

Example 1. Consider the foliations J-i, T2 and T^^ given by = with 

uix = —Wx^'^dx 4- hy^dy\ 

UJ2 = ll(-a;i" + y^x^)dx + 5(y* - x''y)dy] 

W3 = ll(-a;i" + yx^)dx + b{y^ - x^)dy 

respectively. All the foliations have the same separatrix C = (y^ — x^^ = 0) which 
does not have a kind type of equisingularity, therefore J^i, T2 and Tz cannot be 
Zariski-general foliations. The generic polar curves T^Fj, Vj=^ and Fj^^ are not 
equisingular but the minimal reduction of singularities of C is also a reduction of 
singularities of the curves Vjr^^ Fj^a and Vjr^. 



^E, 
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Appendix A. Equisingularity data: the dual graph 

Let us recall the construction of the dual graph which is one of the different ways 
to represent the equisingularity data of a plane curve (see [T] for more details) . Let 
C C (C^,0) be a plane curve and ttc ■ M ^ (C^,0) be its minimal reduction 
of singularities. The dual graph G{C) is constructed as follows: each irreducible 
component E of 7r^^(0) is represented by a vertex which we also call E (we identify 
a divisor and its associated vertex in the dual graph). Two vertices are joined by 
an edge if and only if the associated divisors intersect. Each irreducible component 
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of C is represented by an arrow joined to the only divisor which meets the strict 
transform of C by ttc- If we give a weight to each vertex E of G{C) equal to the 
self-intersection of the divisor E C M , this weighted dual graph is equivalent to the 
equisingularity data of C . 

We denote by Ei the irreducible component of 7r^^(0) obtained by the blowing- 
up of the origin. Thus the first divisor Ei gives an orientation to the graph G{C). 
The geodesic of a divisor E is the path which joins the first divisor Ei with the 
divisor E. The geodesic of a curve is the geodesic of the divisor that meets the 
transform strict of the curve. In this way, there is a partial order in the set of 
vertices of G{C) given hy E < E' if and only if the geodesic of E' goes through E. 

Let us introduce some notations concerning the dual graph of a curve. Given a 
vertex E of G{C) we define the number 6^; as follows: -I- 1 is the valence of E if 
E ^ El and bsi is the valence of Ei. Observe that bsi is the number of different 
lines in the tangent cone of G. We say that E is a bifurcation divisor if fe^; > 2 
and i? is a terminal divisor if = 0. A dead arc in G{G) is an arc which joins a 
bifurcation divisor with a terminal one without passing through other bifurcation 
divisors. Observe that a bifurcation divisor can belong only to one dead arc. 

A curvette 7 of a divisor E' is a non-singular curve transversal to i? at a non- 
singular point of 7r^^(0). The projection 7 = -Kcil) is a germ of plane curve in 
(C^,0) and we say that 7 is an i?-curvette. We denote by m{E) the multiplicity 
at the origin of any £'-curvette. Take 7,7' two curvettes of E which intersect E 
in two different points, we denote by v{E) the coincidence C{TTc{'j),T^cil'))] then 
v{E) < v{E') ii E < E' . Recall that the coincidence C(7, 5) between two irreducible 
curves 7 and 5 is defined as 

C(7, 5) = sup {ord,{yJ{x) - (x)) } 

l<i<mo(-,) 
l<j<m(,(i) 

where {y] {x)y^l^'^\ {y^j{x)y^2i^^ the Puiseux series of 7 and 5 respectively. 

Given any irreducible component E of the exceptional divisor 7rp^(0), we denote 
by tte '■ Me — *■ (C^,0) the reduction of ttq to E, that is, the morphism which 
satisfies that 

• there is a factorization ttc = tt^ ° t^e where tt^ and tte arc composition of 
punctual blow-ups; 

• the divisor E is the strict transform by tt^ of an irreducible component 
Ered of 7r^^(0) and Ered C Me is the only component of 7r^^(0) with 
self- intersection equal to —1. 

It is clear that tt^ is obtained from ttc by blowing-down successively the divisors 
which arc different from E and whose self- intersection is equal to —1. Take any 
curvette 7b oiE, then7r^(7B) is also a curvette of -E^ed C Me- Let {/3^,/3f , . . . j/J^j^)} 
be the characteristic exponents of 75 = 7rc(7_E)- It is clear that m{E) = (3^ ~ 
i^oilE) and there are two possibilities for the value v{E): 

1. either tt^ is the minimal reduction of singularities of 7^ and then v{E) = 
P^(E)/ ■ that i? is a Puiseux divisor for ttc- 

2. or T^E is obtained by blowing-up g > 1 times after the minimal reduction 
of singularities of ^e and in this situation v{E) = {P^(^e) + 1(^o)/(^q ■ We 
say that E is a contact divisor for ttc- 
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Observe that m{E) = m{Ered) and v{E) ~ v{Ered)- Moreover, E can belong to a 
dead arc only if it is a Puiseux divisor. 

Consider a bifurcation divisor E of G{C) and let {(mf , «f ), ('Tif, J^f), • ■ • , 
""ff^B))} ^'^^ Puiseux pairs of an _B-curvette 7^, we denote 

/ ^g{E)i if is a Puiseux divisor; 
"■^ 1 1, otherwise, 

and = m{E)/nE- Observe that, if E belongs to a dead arc with terminal divisor 
F, then ■m{F) = n^. We define kE to be 

^ f g{E) — 1, if i? is a Puiseux divisor; 
^ [ g{E), if is a contact divisor. 

Let us explain these notations in terms of the equisingularity data of the curve 
C ~ U[^^Ci. Denote by {(w/, J^Jjlfii the Puiseux pairs of Ci and by {/3q, /3J, . . . , 
its characteristic exponents. Denote / = {1, 2, . . . , r} and let Ie be the set of in- 
dices i € I such that E belong to the geodesic of d. Take i £ Ie- There are several 
possibilities for the value of v{E) depending on E: 

(i) If i? is a contact divisor, then there exists j £ Ie such that v{E) = 

(ii) If i? is a Puiseux divisor which belongs to a dead arc, then v{E) = Pkj^+il Po- 

(iii) If _B is a Puiseux divisor which docs not belong to a dead arc, we denote by 
I^ the set of indices i G Ie such that v[E) = fi].^^]^/ (i^. Then C(Ci, Cj) = 
v{E) for i e and j e Ie \ I%- Moreover, C{Cj,Ci) > v{E) if j,l e 
Ie \I*e- 

Consequently, we have that (TOj,n|) = {mf,nf), for I = l,...,fc£, and = 
n\ - ■ ■ for any i € Ie- 



Appendix B. Ramification 

Consider a plane curve C = U^^^Q C (C2,0). Let p : {C^ ,Q) (C2,0) be any 
C-ramification, that is, p is transversal to C and C ~ p~^C has only non-singular 
irreducible components. Assume that the ramification is given by x = m", y = v- 

Denote by {(jti;, the Puiseux pairs of Ci and by {/3q, . . . , the 

characteristic exponents of Ci- If = niQ^Ci), then it is necessary that n = 
mod {12^,71^, . . . ^rf) in order to have that C has only non-singular irreducible 
components. Moreover, the number of irreducible components of C is equal to 
mo(C) = 71^ + • • • + nT . More precisely, each curve p~^Ci has exactly irreducible 
components. In fact, let y^{x) = J2i>ni iz^;'/"' be a Puiseux series of Ci, thus all 
its Puiseux series are given by 

y]ix) = J2 a]e'ix'^-' for j = 1, 2, . . . , n', 

where Si is a primitive n'-root of the unity. Then fi{x,y) = nr=i(y ~ Vlii^)) is 
a reduced equation of C^. If we put Vj{u) = yj{u^), then g C{u} since 

n/n* G N. It is clear that the curve ct* = (w — Vj{u) — 0) is non-singular and it is 
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one of the irreducible components of p ^Ci. Then 

9^{U,V) = MU^'^V) = Yliv - Vl{u)) 
1=1 

is an equation of p~^Ci. We conclude that the irreducible components {(t*}"^j^ of 
p~^Ci are in bijection with the Puiseux series of Ci. 

It is well-known that the cquisingularity type of a curve C is determined by 
the characteristic exponents {/3q,/?J, . . . of its irreducible components and 

the intersection multiplicities {{Ci,Cj)Q}i^j. Let us show that we can obtain all 
this information from p^^C. The next lemma states the relationship between the 
intersection multiplicity (7,(5)o and the coincidence C(7,(5) (see Zariski |T7|, prop. 
6.1 or Merle [13], prop. 2.4): 

Lemma 7. Let 7 and S be two germs of irreducible plane curves of (C^,0). // 
{(^Qi 01t ■ ■ ■ 1 Pg} cifs the characteristic exponents of "f and a is a rational number 
such that Pq < a < Pq+i (Pg+i =00), then the following statements are equivalent: 

1. C(7,<5) = ^ 
7710(7) 

mo{S) 77l---77g_l 771 •••71, 

where {("T-i, n-Olf^i '^'"^ the Puiseux pairs of ^ (uq ^ 1) and {/3o, . . . , /3g} is a 
minimal system of generators of the semigroup £'(7) 0/7. 

In particular, the cquisingularity type of C is also determined by the character- 
istic exponents of each Ci and the coincidences {C{Ci,Cj)}i^j. Let us show that 
these data could be obtained from p^^C. Given an irreducible component cr of 
p~^C, we take an equation {v — v'^{u) = 0) of cr with v'^{u) = X]i>i '^f"' ^ C{7i}. 
Given two irreducible components cr, ct' of p^^C, we say that they are equivalent 
cr ~ cr' if and only if (aj)" = (aj )" for all j E N. Denote by [a] the equivalence 
classes of a curve a. Thus the number of irreducible components r of C is equal 
to the number of equivalence classes for the irreducible components of p~^C. Let 
[cr^], . . . , [cr*"] be these equivalence classes. Up to reorder, we can assume that [cr'] 
corresponds to p~^Ci, for i = 1, . . . , r. Thus the multiplicity n* of p^^Ci is equal 
to the number of elements in the equivalence class [cr']. We put p~^Ci = 
Hence /3g = 77' and the other characteristic exponents of Ci are obtained from the 
computation of the coincidences among the curves in the equivalence class [cr'] since 

{C{a],a\) : 3 ^ 1} = {P\, . . . , P^}. 

Thus we only need to compute the coincidences between any two branches Ci and 
Cj. But they arc obtained from the following equality 

(12) C{C,,Cj) = - sup {C{alal)}, 

l<i<n' 

which is true for any two irreducible curves. Hence we conclude that the cquisin- 
gularity data of C can be recovered from p~^C. 
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Ramification of the dual graph. Let nc ■ M (C^,0) be the minimal reduc- 
tion of singularities of C and denote by tt^j : M ^ (C^,0) the minimal reduction 
of singularities oi C = p^^C. Let us explain the relationship between G(C) and 
G{C). 

Let Ki be the geodesic in G{C) of a branch Ci of C and let Ki be the sub-graph 
of G{C) corresponding to the geodesies of the irreducible components {cr^jp^j^ of 
p~^Ci. Let us see how to construct Ki from Ki. Observe first that, if E and E' are 
two consecutive vertices of G{C) with E < E', then v{E') = v{E) + 1. Thus, G{C) 
is completely determined once we know the bifurcation divisors, the order relations 
among them and the number of edges which leave from each bifurcation divisor. 
Denote by B{Ki) and B{Ki) the bifurcation vertices of Ki and Ki respectively. We 
say that a vertex E of B{Ki) is associated to a vertex E of B{Ki) if v{E) ~ nv{E). 

Let Ehe a. vertex of B{Ki). Assume first that E is the first bifurcation divisor of 
B{Ki) and take E' its consecutive vertex in B{Ki). Then E has only one associated 
vertex E in B{Ki) and there are two possibilities for the number of edges which 
leave from it: 

• If i? is a Puiseux divisor, then there are n\ edges which leave from E in 
Ki; then E' has n\ associated vertices in B{Ki). 

• If _B is a contact divisor, then there is only one edge which leave from E in 
Ki and thus E' has only one vertex associated in B{Ki). 

Take now any vertex E of B{Ki) and assume that we know the part of Ki cor- 
responding to the vertices of Ki with valuation < v{E). Then there are = 
n\ - ■ ■ n),^ vertices {-E'jy^-^ associated to E and 

• If is a Puiseux divisor, then there are fT-fc^+i edges which leave from each 
vertex Ei in Ki. 

• If E' is a contact divisor, the there is only one edge which leaves from each 
vertex Ei in Ki. 

The dual graph G{G) is constructed in the natural way by gluing the graphs Ki. 
From the construction described above, we deduced that 

Be, if _E is a contact divisor; 

(Be — 1)'T._E, if i? is a bifurcation divisor which belong 
to a dead arc; 

(Be — l)?i_E + 1, if -E is a bifurcarion divisor which does not 
belong to a dead arc. 



Observe that, in general, non-bifurcation divisors of G{C) have no associated 
divisors in G{G). Let us illustrate with some examples the relationship between 
G(C) and G{C): 



Example 2. Consider the curve C = {y^ — = 0) and the ramification p(u,v) = 
(w^, v). Then C has two irreducible components given hy v — u^ = and v + = 0. 
The next figure represents the dual graphs of C and p~^G: 

• •— 

^3 



•- 

El 



G(C) G{p-^G) 
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where Ei, E3 are the vertices associated to Ei and E^ respectively. 

Consider now a curve C with characteristic exponents {4,6,7}. Take p the 
ramification given by p{u, v) = (u^, v) and put C ~ p^^C . Then we have that 



C 



Es El B3 




G(C) G{C) 

Note that E^ has one associated vertex E^ and that i?,5 has two associated vertices 
El and i?| in G{C). 

Remark 2. Let us denote by Ei the divisor of G{C) with f = n. It is unique 
since it precedes all the other bifurcation divisors and it could be or not a bifur- 
cation divisor. Moreover, Ei is a bifurcation divisor of G(C) if and only if Ei is 
a bifurcation divisor of G{C) and = hsi- Then, the divisor Ei of G(C) has 
always a unique divisor, denoted by Ei, which is associated to it in G{C) even if 
El ^ B{C). Recall that Ei is a bifurcation divisor if and only if the number of 
different tangent lines in the tangent cone of C is > 2. 

We have seen that there is a bijection between the Puiseux series of Ci and the 
irreducible components of p~^Ci. In particular, this implies that the choice of a 
vertex E^ E B{Ki) associated to a bifurcation divisor E is equivalent to the choice 
of a n£;-th root of the unity ^i. Thus there are e|; = ri^ /n-^ irreducible components 

{(j\fYt=i '^^ P^^Ci such that & belongs to their geodesies. Moreover, the curve 
is given by {v — rf^ (u) ~ 0) where 



r;^,(u) = ^ a:(C,zt)^«^"/"\ for t = 1, 



and {(iit}t^i a-re the e^-th roots of Additionally , if je is an £'-curvctte of 
a bifurcation divisor E of G(C), the curve p~^Je has m{E) = jie'^e irreducible 
components which are all non-singular and each divisor & belongs to the geodesic 
of exactly ue branches of p^^^E which are curvettes of & in different points. In 
particular, we can prove the following result 

Lemma 8. Let E he either a bifurcation divisor of G{C) or E = Ei and consider 
any of its associated divisors E in G{C). Then there exists a morphism Pe e ■ 
Ered ^ Ej-ed which is a ramification of order ue- 

Proof. Consider a C-ramification p : (C^,0) (C^,0) given by x = u",y ~ v. Let 
TT^ : (C^,0) be the reduction of tt^ to E and tte ■ Me (C^,0) be the 

reduction of wc to E. Let us define the map ^ : Ered ~^ Ered- The map ^ 
sends the "infinity point" of Ered (that is, the origin of the second chart of Ered) 
into the "infinity point" of Ered- For any other point P of Ered, we consider an 
£^-curvette 7^ = {v — ip^{u) = 0) with 



E 

v{E) 

v{E) 
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and such that tt -,7 ~! n Ered ^ {P}- Let 7!^ be the curve given by the Puiseux series 



Thus 7!^ is an i?-curvette and we define e(-^) ^'^ ^^'^ only point 7r^7^ H Ered- 
From the properties of p we deduce that ^ is a ramification of order ue- □ 

Remark also that, if is a curvette of a terminal divisor Et of a dead arc 
with bifurcation divisor E, then p~^jEt is composed by ra{Et) = n^; non-singular 
irreducible components and each divisor & belongs to the geodesic of exactly one 
branch of p~^"iEti where are the divisors associated to E in G{C). 

For more results concerning foliations, ramifications and blow-ups, the reader 
can refer to [H]- 
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